Introduction
We begin with a remark attributed to the philosopher and mathematician Bertrand Russel in which he states, clearly not just anecdotally, "Probability is the most important concept in modern science, especially as nobody has the slightest notion what it means". We take this citation from the book 'Paradoxes in Probability Theory and Mathematical Statistics', in which the mathematician Gábor Székely (1990) discusses some of the many curiosities that may result from the invalid application of statistical theory. Of immediate relevance to our topic is the date attributed to this anecdote. It appears to have been formulated in the year 1929. If assigned to Russel and correctly dated, albeit that Székely (1990) expresses some doubt concerning both these points, Bertrand Russel would have made this comment some four years prior to the first (German language) publication of Andrei Nikolaevitch Kolomorow's probability theory (Kolmogorov 1933) . After its translation into English (Kolmogorov 1956) , mathematicians were soon to accept Kolomorov's theory, although there were exceptions, including the philosopher of science Karl Popper, who was always dissatisfied with the manner in which Kolmogorov presupposed its foundation in Boolean algebra (Popper 1934; 1959; 1976) . In the theory of Kolmogorov, which has three basic axioms, the concept of probability is introduced in Axiom I as a non-negative real number. In Axiom II, this number is limited to a minimum value 0 and maximum value 1. Axiom III defines the mathematical operations (e.g., addition, multiplication) that can be applied to given probabilities in order to produce new probabilities. This is a simplified version of Kolmogorov's theory, but one which in our judgement adequately mirrors the manner in which the concept of probability is introduced in the majority of school textbooks today.
It is perhaps of little surprise that statistics and related fields are often experienced as boring and dull. Indeed, and following some three hundred years of advanced and often quite controversial mathematical, philosophical, and even religious discussion, today's widely accepted definition of probability is slightly disappointing. Probability is a number, no more, no less. Some may stress that probabilities are not just any numbers, but rather special, random numbers. Others may emphasise that it is only we, as humans, who have random experiences with numbers, and that numbers themselves cannot support such experiences, in which case the discussion becomes more lively. The problems we address in the present paper are not, however, related to such discourse. We do not participate in the discussionhowever far-reaching -as to whether a subjectivist, objectivist, frequentist, or even Bayesian interpretation of probability is the most preferable. Instead, we are quite happy with the notion that probability is nothing more than a number (with a value less than 1) and nothing less than a number (with a value greater than 0), i.e., 0 ≤ p ≤ 1.
The noncommutative properties of radiocarbon ages
In the course of the following paper, we assemble some observations to illustrate why, in our judgement, present methods of 14 C-analysis do not provide a mathematically sufficient (in the sense of complete) description of the properties of calibrated 14 C-ages. We focus here on those properties of 14 Cages that are relevant to the construction of 14 C-based archaeological chronologies. Unfortunately, the mathematical properties of archaeological 14 C-data can be quite subtle as well as misleading, even to the extent of being deceitful, and a clear understanding of these properties is difficult to achieve. Fortunately, the mathematical background to these subtleties can at least be introduced in simple terms, and this is the focus of the following paragraphs.
Generally speaking, mathematical operations are termed commutative when study variables can be combined in any order without changing the result. This means that when applied to the addition operation (+) the following equation must be valid: a + b = b + a. The same applies to the multiplication operator (x) with a x b = b x a. We easily confirm that both the operations of addition and multiplication are commutative, at least for the following two integer numbers a = 2 and b = 3. The test for the commutativity of addition is: 2 + 3 = 3 + 2 = 5 (confirmed) and for multiplication: 2 x 3 = 3 x 2 = 6 (confirmed).
In mathematics, an operation is called commutative if changing the order of the operands does not change the end result. Conversely, noncommutative variables are known as ordered. Let us now test whether radiocarbon calibration, when represented as a mathematical operator, can be deemed commutative. Note that in the following, we run the commutativity test for numbers, although these are, of course, in place of probabilities (more precisely, probability densities, since probabilities are assigned to intervals).
To simplify the test, we take as an elementary frequency distribution only two numbers on the calendric time-scale, which we call (samples) a and b. Fol- lowing idealised (error-free) 14 C-measurement, samples a and b provide 14 C-ages A and B. Assuming that A and B have been correctly obtained, then the initially unknown calendric ages (a and b) can be reconstructed by comparing A and B with previously measured 14 C-values for known-age samples taken from the tree-ring 14 C-age calibration data-base. The commutativity test for the radiocarbon calibration operator as illustrated in Figure 1 .
We test the commutativity of the calibration operator cal in terms of the addition of dates/samples on the two scales ( 14 C-and calendric) by analysing Equation 1:
This equation may be read as follows: when the measured 14 C-age A (for sample a) and the measured 14 C-age B (for sample b) are added on the 14 Cscale and divided by 2, we obtain the 14 C-scale value (A+B)/2. This represents the average 14 C-age of the two samples. Similarly, the average sample age is calculated on the calendric time scale, where it is defined as (a+b)/2. It should be stressed that, due to inherent difficulties concerning the graphic representation of the problem at hand, both in Figure 1 and in Equation 1 the operator cal is in actual fact the inverse calibration.
As shown in Figure 1 , for two differently shaped calibration curves, the calibration operator has the property of being commutative only under the condition that there is a linear relation between the 14 Cscale and the calendric time-scale. Indeed, for the linear calibration curve (Fig. 1, left) identical results are achieved irrespective of whether we first measure the 14 C-ages for samples a and b and calculate their average 14 C-age on the 14 C-scale, or put the carbon of both samples together and measure the 14 Cage of the combined sample. For the linear calibration curve the calibration operation is commutative. However, as shown in Figure 1 (right), in the realistic case that the calibration curve is not linear, but wiggly, results obtained by averaging are dependent upon whichever of the two scales the operation is first performed. We abbreviate this by stating that the calibration operator is noncommutative in respect to the addition of dates and samples on their respective scales.
But why should we be interested in ordering properties of the calibration operator? In archaeology, we are interested in (1) the transfer of 14 C-ages from the 14 C-scale to the calendric time-scale and (2), in a second scaling direction, the transfer of sample ages from the calendric time-scale to the 14 C-scale. Only the first direction is known sensu stricto as 14 C-age calibration. However, in archaeological modelling studies, the second operational scaling direction is also of importance, e.g., when the aim is to reconstruct the (theoretical) frequency distribution of samples from the given (measured) distribution of 14 C-ages.
Let us further evaluate the commutativity of the calibration operator, but now in terms of multiplication. The multiplication operation is of particular importance in archaeological 14 C-analysis, e.g., in Bayesian sequencing methods, when the aim is to constrain the range of calendric ages initially obtained for a larger set of individual 14 C-ages. This is accomplished by a combination of the given 14 C-data with external (archaeological) information, such as the known or assumed relative-age position of the dated samples. Depending on many details of the specific Bayesian application, the combination of 14 C-radiometric and archaeological information inevitably requires the formulation of a mathematical equation, often a complex undertaking. However, a common feature of all such equations is that they contain sums and products of (measured) 14 C-scaled probabilities, and of associated (measured or assumed) calendric-scale probability distributions. An example of how complex such an equation can be is illustrated by a case study taken from Christopher Bronk Ramsey (2009) . A typical application of the Bayesian sequencing method, in this case applied to a set of 14 C-ages from a multiple phase archaeological site, is shown in Equation 2.
We do not provide a description of variables used in this equation, since these are given in detail by Bronk Ramsey (2009.348) . We are interested in the mathematical syntax. As noted above, in Kolmogorov's theory, probabilities are defined as variables with values in the range 0 ≤ p ≤ 1. Applying such notions to the above equation, where the different symbols p represent different probabilities, and where the symbol Π is used to abbreviate their multiplication, it becomes evident that Equation 2 contains not only products of probabilities, but -more complicatedly -actually contains products of these products. Nevertheless, and irrespective of the overall complexity of these calculations and whatever the result could mean in archaeological terms, ultimately the resulting overall probability must be a (1) (2) number in the range 0 ≤ p ≤ 1. What is the meaning of the proportional symbol '∝'? Clearly, it connects the left and the right side of the equation. Normally, in mathematics the symbol '∝' is used as a dimensionless scaling number (and not as a function), although is this the case here? In Equation 2, the symbol '∝' is apparently used to define a secondary linear scaling operation to be applied at the end of the task. But why should this final scaling operation be necessary? Is there, perhaps, something missing from the equation? As a result of applying the axioms of probability theory, we would usually expect the equation (or algorithm) to be complete in terms of all operations, including scaling (e.g., graphics -> paper size) and -in particular -in terms of the necessary normalisation of probabilities (0 ≤ p ≤ 1). We will return to this question later, but note that the formulation of Equation 2 using this proportional symbol '∝' differs from Bayes' theorem where it does not appear (see below).
Clearly, when developing Bayesian sequencing models that include integral-products for probabilities as illustrated by the above equation, great care must be taken that results are not dependent on the order in which the multiplication is performed. To ensure this, the following mathematical equation must be valid:
This equation, using Paul Diracs' commutator notation, can be read as follows: We call two probabilities p 1 and p 2 commutative when the result of their multiplication is independent of the order in which the multiplication is performed. Since 14 C-measurements are defined as rational numbers on the 14 C-scale, it is possible -for example, in radiocarbon inter-laboratory exercises -to define 14 C-scale probabilities in terms of a Boolean (commutative) event algebra. However, in light of the above observations ( Fig. 1 ) this should not be generalised. To be clear, the problems of commutativity addressed in this paper only arise when the two scales are connected, i.e., as is required for radiocarbon calibration. In light of these observations, we conclude that the calibration operator is noncommutative, both in respect to addition and to multiplication.
Although seemingly rather elementary, the observation that radiocarbon calibration is noncommutative will resonate as music in the ears of mathematicians and physicists, who -we expect -will be immediately reminded of topics such as quantum mechanics, non-linear geometry, uncertainty principle, waveparticle complementarity, Hilbert Space, C*-algebra, Lie-algebra and non-classical probability theory.
Looking back, these mathematical properties of the calibration operator indeed resonated, if only as a warning bell, in the ears of the first generation of 14 C-calibration software-developers. This we deduce from comments by Minze Stuiver and Paula Reimer (1989 ), Mieczyslaw Pazdur and Danuta Michczynska (1989 ), and Bernhard Weninger (1986 , all of whom emphasised the unusual character of the mathematical problem to be solved: "There are some mathematical pitfalls to be avoided … We conclude that distortion of [age-calibrated] histograms is unavoidable, even with the most precise mathematical procedure and high-precision 14 C dating (Stuiver, Reimer 1989.818, 823) .
The specific mathematical pitfalls in radiocarbon calibration addressed here by Stuiver and Reimer (1989) pertain to the large number of clearly unacceptable oscillations that appear in the calibrated distribution when the calibration is performed from the perspective of the 14 C-scale (Fig. 2, right) . Fortunately, these oscillations can be avoided by a change in perspective, in which the calibration is performed from the viewing direction of the calendric-time scale (Fig. 2, left) .
As illustrated in Figure 3 (right), the technical problem is to see if a horizontal line drawn parallel to the calendric time scale during calibration hits a point on the calibration curve or not. This problem, i.e. whether a (2-dimensional) line can actually hit a (1-dimensional) point, or not, is a long-standing problem in the history of geometry. Initially, in the late 1980s and early 1990s, only technical reasons were put forward in support of this calibration approach. Clearly, there was a need for its more general foundation in probability theory. This foundation was soon to be identified with the Theorem of Bayes (Pazdur, Michczynska 1898; Michczynska et al. 1990; Niklaus 1993; Dehling, van der Plicht 1993) . In retrospect, this decision possibly rests on the simple fact that Bayes' Theorem is described in much detail in text-books on classical statistics (cf. below). Even today, it is taken for granted that Bayesian Theory is applicable, without amendment, to the calibration of radiocarbon 14 C-ages. For example, according to Bayliss ), Blockley and Housley (2009 ), Bronk Ramsey (2009 , the Bayesian dating methodology provides a coherent framework by which essentially any kind of 14 C- To conclude these opening comments on the mathematical problems encountered in 14 C-calibration, here is the explanation for the observed effects provided by Bernhard Weninger (1986.27 
): "A graphic representation of calibrated dates based on Euclidian geometry is not possible. Any method of mapping calibrated dates necessitates construction of a non-linear picture of dating probability".
In the following years, the approach by which 14 Cdata are inversely calibrated from the perspective of the calendric time-scale was quickly taken up by the Radiocarbon Community. This approach, since termed probabilistic or Bayesian, is schematically illustrated in Figure 4 . The caption to this figure contains some comments as to the existence of a remaining, and rather awkward, normalisation problem.
analysis can be performed. Quite unanimously, these authors postulate that the future of 14 C-analysis will be a continuation of existing Bayesian calibration concepts. Further to this point, Bronk Ramsey (2009) notes that although a high degree of refinement is still possible, Bayesian analysis of 14 C-dates today is a mature methodology sufficiently flexible for adaptation to future needs. We will return to these points, later.
Terminology
Before continuing, our study at this point requires some terminological clarification. In the mathematical sciences and perhaps most clearly in modern physics, the meaning of the term classical is quite specific, but it differs significantly from the use of this term by contemporary Radiocarbon scientists. To clarify this issue: in this paper, we use the word classical in the sense it is used in quantum physics. In quantum physics, and related mathematical studies, the term classical is used to describe the striking dichotomy between the purely probabilistic (classical) physical laws that govern (or appear to govern) the macroscopic world, in contrast to the curiously unexpected non-classical (quantum mechanical) properties that emerge when a closer look is taken at the underlying microscopic properties of the same world. Further, when the term classical is used in quantum physics, the intention is to provide a contrast with the results of earlier (e.g., 18 th and 19 th century) physics theory. Let us take as an example (which will reappear later in our study) some physical measurements made on certain paired and constrained variables such as energy/time and position/ momentum. For these variables, as stated in the Heisenberg uncertainty principle, it is not possible to simultaneously measure the present position and momentum of a quantum-mechanical wave-particle, at least not to unlimited precision, since any measurement of the position of the wave-particle will strongly influence its present momentum, and vice versa. In particular, regardless of the ingenuity of the physical device that is constructed in an effort to avoid measurement uncertainty, the uncertainty principle also applies to the future values of these variables. This was shown in the so-called 'EPR-Gedankenexperiment' thought experiment (Einstein, Podolsky and Rosen 1935) .
The immediate analogy to EPR, and for radiocarbon dating if only cum grano salis, is that it is equally impossible to actually correct 14 C-data for atmospheric 14 C-variability. This might appear possible, since the term radiocarbon calibration is often (misleadingly) referred to as meaning 'correction of atmospheric 14 C-variability'. However, in reality, there is really nothing out there that could be corrected: we can neither eliminate the disturbing atmospheric 14 C-variations by any method, nor do we want to change nature. What is actually meant by the term correction is that we must allow for past fluctuations of atmospheric 14 C-levels in the construction of 14 Cbased age models in archaeology. The main point in terminology to be made here, however, is that empirical observations exist whose interpretation may be dependent (sometimes unexpectedly) on the order in which they were made. In physics, as is well-known, the existence of noncommutative variables was first discovered in the early 20 th century. However, even before Heisenberg, the study of noncommutative systems was an important branch of mathematics. With research interest increasing strongly in the 1950s, and as such parallel to the study of Bayesian statistical theory, today there are research departments with buildings inhabited from top to bottom with mathematicians whose research is dedicated to the study of noncommutative systems. However, beyond the fact that many people (subjectively) experience the properties of noncommutative variables as curious, in more objective terms there is nothing unnatural about them, although we need to familiarise ourselves with their properties. We will take a closer look at corresponding traits of 14 C-dates below.
The radiocarbon interferometer
Continuing with such analogies, and as 'Gedankenexperiment', we now introduce the concept that the calibration system can be interpreted as a hypothetical device which we call a radiocarbon interferometer. As with the many devices developed in physics to study the complementary character of waveparticles, in the following we use the radiocarbon interferometer (RI) to observe what happens when 14 C-dates are age-calibrated under controlled conditions (Fig. 5) .
For example, we may be interested in studying what happens on age-calibration of a Gaussian-shaped 14 C-scale probability when the shape of the calibration curve is varied. To this purpose, we can choose a certain value on the 14 C-scale, assign to this value a measuring error, let the Gaussian enter the radiocarbon interferometer, and observe its exit on the calendric time-scale. Such an experiment can be performed either on a macroscopic level by choosing a measuring error that is large in relation to the amplitude of the calibration curve wiggles, or else on a microscopic level, by assigning dating errors to the Gaussian that are small in relation to the amplitude of the calibration wiggles. All that we require in order to run such experiments is corresponding software. In the present paper, we use software called CalPal (Weninger, Jöris 2008) .
Radiocarbon calibration at the macroscopic level
A simple model for what we mean by macroscopic level is provided by a linear calibration curve, in which case the calibration operator is commutative. In general terms, on the macroscopic (linear curve) level, we observe that the input-Gaussian is transformed into an exit-Gaussian, i.e., nothing of much interest happens: the input and output Gaussian have the same shape (Fig. 5, Left) . However, this situation changes significantly when dates are entered on the microscopic level: We note both a (slight) bimodal change in the shape of the calibrated Gaussian in comparison to the input 14 C-Gaussian, as well as an emerging problem of how to define a central value for the calendric-scale probability distribution, here indicated as a vertical line (Fig. 5, right) . Radiocarbon calibration at the microscopic level We define the term microscopic level for cases in which radiocarbon study data show effects (whether in their statistical, geometrical or other properties) that can be attributed to the noncommutative character of the calibration operator. Whether the data show these effects or not is largely a function of dating precision. To this specific point: whereas it is impossible to recognise the atmospheric 14 C-variations with single 14 C-ages, this proves easier for larger data sets, and easiest when an independent absolute chronology is available for purposes of comparison. In historical terms, the microscopic level that we assign to radiocarbon analysis was already reached around 1970, e.g., with the publication by Hans Suess of the first widely applied treering based 14 C-age calibration curve (Suess 1970) . Using this curve, it was possible for the first time to recognise the existence of secular fluctuations in the global atmospheric 14 C-level. The underlying 14 Cmeasurements have standard deviations in the order of σ~80 BP. However, a later paper by Arie de Jong et al. (1979) entitled 'Confirmation of the Suess wiggles: 3200-3700 BC' shows that it is no easy task to differentiate conclusively between atmospheric 14 C-variability and chance statistical effects in any given data, even for high-precision 14 C-measurements (σ < 25 BP). This is further indicated by the many papers published over the years in which searches to identify the atmospheric 14 C-fluctuations in the archaeological 14 C-data have been undertaken. The invariable problem lies in the differentiation between atmospheric 14 C-fluctuations and chance statistical fluctuations of the study data.
By extension, we might even today expect difficulties in recognising the atmospheric 14 C-variations in any given set of real archaeological 14 C-ages. For real data, the analytical challenge is to evaluate whether the observed data frequencies are due to the underlying temporal spread of samples, the reconstruction of which would be the analytical goal, or not simply due to a) chance statistical effects, b) the folding properties of the calibration curve, and also -perhaps the most difficult to evaluate -c) the noncommutative properties of the calibration operator as implemented in the specific analytical methodology (software) used.
To begin, a clearly reliable differentiation between atmospheric 14 C-fluctuations and chance statistical effects is only possible once the study data have sufficient measuring precision. In physics, the effects associated with the noncommutativity of certain physical measurements were only recognised once a microscopic level of sensitivity was reached. The same applies to radiocarbon analysis, where the microscopic level is attained only for data with standard deviations in the range of σ~80 BP, but the smaller the better. Once the data have this precision, then all sorts of interesting effects become apparent on both time-scales ( 14 C-and calendric), not only for larger data sets, but also for single dates.
List of effects caused by the noncommutativity of radiocarbon calibration
Although all the effects caused by the noncommutativity of the calibration operator can be shown for individual 14 C-dates, to simplify matters they are introduced in combination in Figure 6 . For individual dates, they can be listed as follows:
• dispersal of the exit-Gaussian and its separation into different components on the calendric timescale; • lateral shift along the calendric time-scale of the calibrated median; • dispersal and lateral shift of the area normalised Gaussian also on the 14 C-scale; • separation of calendric-scale confidence intervals into multiple disjunct regions; • lock-in of numeric-values for confidence intervals (e.g., 95% or 68%) that are used to abbreviate calendric-scale age distributions, also for multiple disjunct intervals; • the 'probability values' assigned to these multiple disjunct intervals seldom sum to 100%.
For larger sets of radiocarbon dates, these properties of individual 14 C-ages combine to produce the following new effects (Fig. 6 ):
• clustering of 14 C-ages on the 14 C-scale;
• clustering of readings on the calendric time-scale;
• attraction of 14 C-ages towards predefined intervals on the 14 C-scale; • attraction of calendric readings towards predefined intervals on the calendric scale.
The effects listed above are readily observable both for individual 14 C-dates and larger data sets, with no restrictions. In the course of the last three decades, many authors have reported on such properties of 14 C-data.
A more complicated issue relates to the question whether it is possible to correct for such effects, as was proposed by Stolk et al. (1989; 1994) for the widely used 14 C-histogram method (e.g., Geyh 1969; 1980; Jaguttis-Emden 1977; Breunig, 1987; Weninger 1986; 1997; Gkiasta et al. 2003; Collard et al. 2010) . The underlying idea is to counteract the artificial clustering of 14 C-ages, which show up quite clearly in many 14 C-histograms, by applying corrections to the histogram shape. This appears possible, since the histogram shape can be calculated to any degree of precision required, for any assumed sample distribution. Hence, it seems necessary only to reduce the histogram amplitude for 14 C-values that are known to be artificially enhanced (e.g., calibration curve plateaus) and to enhance the amplitude when the calibration curve is steep (or has few wiggles). In practise, however, this correction introduces an additional distortion of the data frequencies, with an intensity that is typically well beyond that of the initial distortion. This curious problem can be described as follows.
• A uniform age distribution on the calendric timescale translates into a non-uniform distribution on the 14 C-scale. Hence the (entire) 14 C-scale histogram can be corrected on that scale, by division by itself, to produce a uniform 14 C-distribution. Upon back-calibration, the uniform distribution leads to a uniform distribution on the calendric time-scale i.e. the correction appears practicable.
• However, real archaeological data sets contain 14 C-ages with admixtures of many different standard deviations. Hence, the necessary shape-correction must be applied to each individual 14 C-age. This is technically possible, although it entails considerable number-crunching, since the normalisation function must be calculated and applied to each 14 CGaussian individually. Alternatively, the shape correction can be performed on the individual age distributions, on the calendric time-scale. But the real problem lies yet deeper: although 14 C-histograms may appear to be continuous, in fact they show a sequence of discrete events. Hence, in Bayesian analysis we must be cautious in the formulation of prior expectations, since the law of large numbers is not necessarily applicable. If applied, it may produce erroneous results. We further exemplify this particular property of radiocarbon dates in an example below (Fig. 7) , and for cases where radiocarbon analysis is taken to what we call the 'high energy' extreme.
To conclude the present paragraph, there are a number of analogies between the properties of 14 C-ages and corresponding observations made for other noncommutative systems, e.g., in quantum physics. We therefore feel it is legitimate to introduce the notion that radiocarbon dates are 'quantised'. However, 
-scale. The result is a uniform distribution on the 14 C-scale (vertical line at 100% rel). Second step: on the back-calibration, a uniform distribution is obtained in the calendric-scale (horizontal line at 100% rel). Note: this normalisation is hypothetical and only appears to work correctly (cf. text). The small vertical lines represent the median values of the individual dates on both time scales. These lines cluster at peak-positions on both scales. Calculations based on INTCAL86-data (Stuiver, Kra 1986). Redrawn from Weninger (1997).
there is the remaining question as to how the uncertainty principle makes its appearance in the properties of calibrated 14 C-data. We address this specific question further below.
Classical Bayesian concepts of radiocarbon analysis
The concepts we are developing in this paper are not necessarily in accord with contemporary notions held by The Radiocarbon Community. As already noted above, according to Bayliss (2009) 2007; Bronk Ramsey, 1994; 1995; Buck et al. 1996; 1999; Buck 2011; Buck et al. 2008; Christen 1993; Christen et al. 1995; Danzeglocke et al. 2007; Jones, Nicholls 2003; Parnell et al. 2008; Reimer, Reimer 2011; Stuiver, Reimer 1993; van der Plicht 1993; . We can indeed follow all these many authors in their largely unanimous judgement concerning the usefulness, wide applicability, and flexibility of the Bayesian calibration methodology. However, problems remain as to certain mathematical properties of radiocarbon data, e.g., how to adequately define concepts such as mean value, median, confidence interval, and also in view of what the word probability really means when applied to calibrated 14 C-ages. Following some twenty years of research in the development of Bayesian concepts of 14 C-analysis, we now step back again to the early 1990s to look at the concepts underlying Bayesian 14 C-modelling in its very earliest developmental stage.
Although seldom cited, one of the very first applications of the Bayes Theorem to radiocarbon calibration was undertaken by Thomas R. Niklaus, whoin the early 1990s -was compiling his PhD thesis at the Radiocarbon Laboratory of the ETH-Zürich (Eidgenössische Technische Hochschule) in Switzerland. In his PhD, Niklaus (1993) (Niklaus 1993. 68 ).
Again we are interested in mathematical syntax, not in probability semantics. Hence, we cite here the original German translation of Bayes' Theorem as given by Niklaus (1993) , and have therefore not removed the typo of Multiplikationsgesetzt (correctly, Multiplikationsgesetz) i.e. the product rule for probabilities. This typo is understandable, since Gesetz means 'law', and gesetzt means 'to put'. What is important is the introduction of the conditional probabilities P(X|Y) and P(Y|X), in German bedingte Wahrscheinlichkeiten. Note, Bayes Theorem is formulated here without requiring the proportional symbol '∝' (cf., above, Equation 2). Interestingly, when applying Bayes' Theorem to provide a mathematical background for radiocarbon calibration, Niklaus (1993) apparently regards it as sufficient to reference a standard statistics text-book (Eadie et al. 1971) , 'Statistical Methods in Experimental Physics', in which the concept of probablility is introduced as a conditional probability. This is quite in accord with (4) ( 5) the approach taken in the present paper. On this point, we make specific reference to Popper (1934) . After studying in detail the meaning of the term probability in the empirical sciences, Popper concludesin his Logik der Forschung -that probability can always (even in quantum physics) be interpreted as conditional probability.
Due to this restriction of Popper's research (to the 1930s), we feel it useful to provide a more recent perspective. The question of whether -or not -the probabilistic calibration method can be derived from classical probability theory was first addressed in a seminal paper by Herold Dehling and Hans van der Plicht (1993. Whereas the first of the above excerpts substantiates the earlier observations made by Stuiver and Reimer (1989) , Michczynska (1989), and Weninger (1986) , in the second, Dehling and van der Plicht (1993) use the word classical to differentiate between two alternative calibration strategies. Whilst the first strategy -calibration from the perspective of the 14 C-scale -is referenced to classical statistical theory, the second -calibration from the calendric time-scale perspective -is referenced to Bayesian theory. In effect, Dehling and van der Plicht (1993) implement the term classical to emphasise the significance of the Bayesian approach in comparison to earlier approaches. An alternative use of the term classical is noted in Bronk Ramsey (2009) , who states that whereas classical probability theory is aimed at hypothesis testing, the specific idea underlying Bayesian theory is to promote the development of new ideas; however, he often also stresses the non-classical status of Bayesian theory.
In our view, however, it is neither adequate nor important to differentiate between classical and Bayesian probability theory in this manner. Clearly, the classical theory deserves to be called classical. As goes for Bayes' Theorem, the underlying probability concepts can also be derived from classical theory. In strong contrast to the terminology introduced here by Dehling and van der Plicht (1993) , in our view the classical version of probability theory is one that uses commutative variables i.e. the classical version represents a rather restricted (special) case of a more general formulation of probability theory which is capable of analysing noncommutative variables. The question is how to provide a mathematically acceptable foundation for noncommutative calibration analysis.
Noncommutative Bayesian concepts of radiocarbon analysis
As indicated by a web-search for topics such as noncommutative quantum theory or -more directlyin search of the code-word noncommutative Bayesian probability, due to the large number of hits, it immediately becomes clear that mathematical research in this field is widely established and rapidly expanding on a global scale. It is nevertheless difficult to find an elementary introduction to these topics. What we must mainly take into consideration, however, is the existence of some flourishing and even controversial discussions in these fields. In the following paragraph, as exemplification, we provide a brief and comparative review of studies undertaken by Miklos Rédei (Faculty of Natural Sciences, Loránd Eötvös University, Hungary) and by Giovanni Valente (Philosophy Department, University of Maryland, USA). Although both authors address the same question, they come up with entirely different conclusions (Rédei 1992; Valente 2007) .
The question, as initially put forward by Rédei (1992) in a paper entitled 'When can noncommutative statistical inference be Bayesian?' relates to the possibility of extending the concepts of classical Bayesian inference to allow for noncommutative variables. To this aim, Rédei introduces the notion that an abstract rational person (thereafter called 'agent') may exist -at least in theory -who is capable of ideally logical thinking. The agent can change his opinion when confronted with some previously unavailable information. We may quantify the agents' initial degree of belief in event E by assigning to it probability p. Based on some new information, the agent changes his opinion to p' (i.e. p -> p'). By ap-plying Bayes' rule, this change in opinion can be formulated as follows:
To begin, probabilities p and p' are assumed to be defined on a Boolean (commutative) algebra S which contains events E (= Evidence) and other events x. We introduce brackets '()', and call the bracketed events (x) conclusions. Initially, the conclusion (x) is supposed to be true (i.e., p(x) = 1), but this can change in view of new evidence E, in which case the conclusion (x) may be conditionalised (xE) to provide a revised probability p(xE).
As a 'Gedankenexperiment' devised to allow for the existence of multiple logically disjunct calibration readings (we may also call E) -let us now allow the agent to review his initial degree of belief (p') in the light of the same evidence E, which is put forward a second time. To allow for this 'new' evidence, we further conditionalise (xE) (Equation 5) by including a second E i.e. (xE) -> (xEE) (Eq. 7).
Since the agent is not provided with different information, on learning a second time of evidence E, he does not have to change his opinion and therefore concludes that p''(x) is identical to p'(x). Although this stability seems to be essential in Bayesian statistical inference, according to Rédei (1992) it does not necessarily apply to the case that the study events are defined for a noncommutative algebraic space (e.g., von Neumann). Given such an algebra, in which the derived probabilities depend on the order in which the events are observed, it may well be the case that p''≠ p' rather than p'' = p'. Having reached this point in his discussion, Rédei (1992) makes reference to the Takesaki Theorem (Takesaki 1972) and concludes there is no satisfactory (i.e., inferentially stable) solution to the problem. In direct analogy, since the events derived from radiocarbon calibration also belong to a noncommutative algebraic space, following Rédei we could now conclude that mathematics does not allow the application of Bayes' Theorem in radiocarbon analysis. As mentioned in the introduction, Popper was never satisfied with the manner in which the Kolmogorow axiomatic theory of probability is founded in (commutative) Boolean algebra. Indeed, in view of the above arguments, his critical notions appear well-founded, all the more since they apparently apply even to the more general (noncommutative) case.
A significant objection to these notions is provided by Giovanni Valente, however, and his arguments are of immediate relevance to our studies. To begin, Valente (2007) accepts the introduction of a Bayesian agent capable of ideally logical thinking. We note a change in the agents' gender from male (Ré-dei 1992) to female (Valente 2007), which we adopt in the following. The main point made by Valente (2007) is that -due to the uncertainty principle -in quantum-mechanical experiments the agent cannot be presented with the same evidence, twice. As such, she is never confronted with the conflict scenario, described above, at least not in quantum physics (the topic of Valente's paper). Apparently, even under extreme logical pressure, the agent can always retain her capacity for rational statistical inference. However, this should not be interpreted such that Rédei's arguments are wrong. Simply, according to Valente (2007.840) , "the fact that one cannot have the same evidence twice implies that the stability condition is not applicable in quantum mechanics. Hence ... if the rationality constraint does not apply, one cannot claim its failure". The analogy to radiocarbon analysis would be that, whenever radiocarbon measurements for the archaeological eventspace are replicated, the agent may rationally expect to obtain the same set of 14 C-ages, hence -by implication -the same set of calendric time-scale readings.
To sum up, assuming that these arguments (which we have greatly simplified) may be applied to radiocarbon calibration, which we consider reasonable, statistical inference can always (i.e. even for noncommutative systems) be formulated within a Bayesian framework.
We raised the question above, of how to obtain a mathematically acceptable foundation for radiocarbon calibration. We conclude this already exists -in Bayes' recipe -and by which we confirm a subset of statements recently made by Bayliss (2009) , Blockley and Housley (2009) , and Bronk Ramsey (2009) in the 50 th Birthday Anniversary edition of the Radiocarbon Journal (Vol. 51, Nr. 1). As it appears, Bayesian calibration analysis is indeed sufficiently flexible to allow for all future refinements in radiocarbon dating, and this includes its necessary reformulation to allow for the noncommutative algebra of radiocarbon calibration. The question remains: are the results of contemporary Bayesian analysis (6)
correct? To be as clear as possible on this point: it is not necessarily the numerical output of available Bayesian calibration software packages that are the immediately critical issue (they can be tested cf. Steier, Rom 2000) . The crucial question is to identify the (forecast) effects of the uncertainty principle in the properties of calibrated 14 C-data.
Technical issues

Pearson theorem
Certainly, there are some technical issues still to be addressed, such as whether or not to assign disjunct confidence intervals to calibrated data. As applies to the calibration of single 14 C-ages, we presently prefer to use only the outermost confidence intervals. It is then possible to "leave the probability distribution within calendrically converted bandwidths to the statisticians" (Gordon Pearson 1987. 103) . This is a visionary statement that we (informally) call Pearson's Theorem (for an application, cf. below). Nonetheless, the rapidly increasing precision and accuracy obtained for 14 C-measurements leads, at the latest when reaching high-precision (σ < 25 BP), to a stabilisation of the often rather ill-defined disjunctness of the multiple calendric-scale intervals. This problem has a practical and a theoretical component. The practical component is that, when applied to lower precision 14 C-dates, the obtained list of confidence intervals is often so long as to be unreadable, if not meaningless. For an ideally historical agent (who can anticipate future revisions in the applied calibration curve) the solution would to be to cite only the conventional 14 C-ages and corresponding laboratory code, both of which are historically stable variables.
The second component refers to the problem that, for calibrated age distributions which are often multimodal, qua statistical theory it is not possible to define a meaningful '±1 σ' (68%-confidence) value. A practical solution is to assign a rectangular probability distribution to the 14 C-age, collect a corresponding rectangular distribution on the calendric time-scale, and then apply Pearson's Theorem to its interpretation.
'Görsdorf' theorem For larger sets of data, an analogous notion we call the 'Görsdorf' Theorem is to imagine that the curve represents the "envelope over all possible sample distributions" (pers. comm., Jochen Görsdorf) . This theorem has recently been generalised by Franz Weninger and other members of the Vienna Environmental Research Accelerator (VERA) to allow for Bayesian Sequencing. Although mathematically rather demanding, by introducing a large ('infinite') number of differently shaped prior distributions to work around the intrinsic arbitrariness of Bayesian sequencing based on only one prior, it does seem possible to establish robust Bayesian analysis as a safe sequencing method for 14 C-dates (Weninger et al. 2010) .
A case study in quantum-theoretical Bayesian calibration
Within the context of the present paper, the following two questions deserve more detailed evaluation: 1) Is it possible to reconstruct the unknown sample distribution by shape-analysis of the corresponding 14 C-histogram (Stolk et al. 1989; 1994) ; and perhaps the most compelling question 2) are there any indications, as forecast by the noncommutative character of the calibration operator, that radiocarbon data show properties that may relate to the quantum-theoretical uncertainty principle? A simultaneous answer can be given to these two questions. This is exemplified in a recently published study by James Steele (2010) in which a direct comparison between the chronological results achieved using different software (CALIB, OxCal, CalPal) for a set of N = 628 archaeological 14 C-ages (cf. Buchanan et al. 2011 ) is provided (Fig. 7 ).
When produced with OxCal, (Steele (2010 ) uses Bronk Ramsey (1995 OxCal version 4.1b3) and CA-LIB (Steele (2010 ) uses Stuiver et al. (2005 version 5.0) , the cumulative data distributions show conspicuous peaks on the calendric time-scale around 12.9 ka, 11.3 ka, 10.2 ka, 9.5 ka calBP (Fig. 7) . Analysing the same data with CalPal, these peaks are virtually non-existent. Steele (2010.7) comments quite critically on this finding as follows: "It is immediately obvious that the CalPal output published by Buchanan et al. (2008) has not summed the calibrated probability distributions in the same ways as Calib and OxCal, and that However, neither of the two authors provides evidence for their claim that CalPal smoothes away some otherwise important peaks in the calibrated age distribution. An alternative interpretation is to take this example as an experimentum crucis to localise the exact position within Bayesian calibration methodology where the effects of the quantum-theoretical uncertainty principle become apparent.
Clearly, the four peaks are an artefact of the specific Bayesian algorithms implemented in OxCal and CALIB, but differently in CalPal. This becomes apparent when the age distributions are plotted against the relevant section of the relevant 14 C-age calibration curve (INTCAL04). It then becomes visible that the peaks at ~1 2.9 ka, 11.3 ka, 10.2 ka, 9.5 ka calBP are all positioned along the steepest sections of the 14 C-age calibration curve (Fig. 7, upper) .
In OxCal and CALIB, a uniform prior is applied to the data frequencies based on the (plausible) assumption that all calendric ages have equal dating probability. Mathematically, the implementation of this prior involves providing an equalarea normalisation to the dates. Whether the normalisation is undertaken on the 14 C-scale or on the calendric scale is of little consequence. Both are technically possible, and in both cases the normalisation corresponds to the same assumption, namely that it is possible to simultaneously correct both the shape of the 14 C-histogram and the shape of the calibrated data frequency distribution in order to allow for its distortion due to the non-linearity of the calibration curve. In contrast to this intention, what actually happens as a result of frequency normalisation is that the distortive effects are further enhanced. As such, instead of the intended correction, the frequency normalisation actually over-corrects the data to an unacceptable degree.
The question at stake is on which of the two scales -if any -should the corrections be applied? OxCal and CALIB both make use of a uniform prior on the calendric scale, and apply corresponding corrections to the posterior data frequency on the calendric time-scale. In CalPal the underlying Bayesian assumption is that, similarly, both on the calendricscale and on the 14 C-scale, there exists a uniform prior dating probability. However, since this double a priori assumption is neither plausible nor validated by archaeological reasoning, CalPal does not apply the resulting correction to the posterior data frequency, i.e. the 14 C-histogram is simply transferred from the 14 C-scale to the calendric time-scale without further correction (by applying Görsdorf' Theorem cf. above). From a (classical) Bayesian perspective, this approach may appear to be contradic- gy. In particular, whereas at low energies the wave character of elementary particles is the most apparent, the particle character becomes increasingly more apparent at higher energies. Taken to the extreme, when a certain energy limit is reached, the total energy can -and quite often actually does -allow for the production of new particles. Obviously, we are using such analogies to radiocarbon data really only cum grano salis, but nevertheless, it is interesting to apply such concepts to radiocarbon dates. The direct analogy to radiocarbon dates would be to associate their energy-content with the precision of the 14 C-measurements. With this analogy, what we would expect is that, when increasingly smaller standard deviations are applied to the 14 C-scale Gaussian distribution, the larger and more apparent should be the forecast quantum-theoretical effects.
In a further 'Gedankenexperiment', again using the hypothetical radiocarbon interferometer as an experimental device, let us analyse what happens when calibrating a Gaussian shaped 14 C-scale probability distribution, when only the measuring precision of raw data underlying the calibration curve is taken to an extreme. In this case, the calibration curve could well take on a (hypothetical) zigzag shape as illustrated in Figure 8 .
Although the calibrated age distributions show strong oscillations, the forecast particle character does not yet become apparent. In a second 'Gedankenexperiment', let us therefore simultaneously maximise both the measurement precision of the calibration curve and the precision of the archaeological 14 C-ages to be calibrated.
The results are now as forecast. As illustrated in Figure 9 for each of the two independently measured tory. As argued above, however, the ultimate problem is that there is a noncommutative algebraic relation between the two scales.
In mathematical terms, whereas OxCal and Calib are based on a classical Bayesian approach to 14 C-calibration, CalPal applies non-classical quantum-theoretical (QT) Bayesian probability concepts. The uncertainty relation well-known in quantum physics thus re-appears, within the framework of QT-calibration, in the manner that a simultaneously correct measurement (or reconstruction) of data probability functions, on the two time-scales, is not possible. Interestingly, in QT-calibration, the uncertainty relation is one-and not two-sided i.e. we can calculate the shape of the 14 C-scale frequency distribution perfectly for any given set of calendric-scale events, but not the reverse.
Radiocarbon calibration at the sub-microscopic level
In the following (final) paragraph, by taking radiocarbon calibration to the sub-microscopic level, we turn our attention to the future of Bayesian radiocarbon analysis. Above, we have made repeated use of certain analogies between the noncommutive properties of the calibration operator and of corresponding properties of waves and particles in quantum physics. In extension, and by taking these analogies both seriously and one step further, we may now forecast that radiocarbon dates (alias wave-particles) should actually show further effects, but which can only become apparent when the associated 'energy' is taken to the extremes. In physics, the energy associated with a wave-particle is related to the frequency of the wave, such that the higher the frequency of the wave, the higher the associated ener-'high-energy' 14 C-dates (Dates A and B), what we observe is that corresponding readings in the calendric time-scale are now clearly seperated, i.e. they show no temporal overlap. The readings attributed to the two different Dates (A and B) also show no temporal overlap.
In effect, at the 'high energy' extreme -although only single ( 14 Cscale) particles have been entered into the radiocarbon interferometer -the noncommutative properties of the calibration operator (and corresponding folding properties of the calibration curve) are now sufficiently strong to produce some previously non-existant particles 'out of a vacuum' on the calendric time-scale.
We may now re-formulate the question whetheror not -a correction of the 14 C-histogram shape (or corresponding shape of the calibrated frequency distribution) to allow for the folding properties of the calibration curve is possible. As already noted above, the correction must be applied to the probability distribution for each individual date. Now that the distribution is reduced to a series of digital 'true-false' (yes-no; 1/0) decisions (Fig. 9) , it becomes apparent that the correction -to be applicable -must assign an individual truth-value to each of the alternative readings. Since the readings are mutually exclusive, only one of these values can be 'true'. If this cannot be achieved, the analysis will produce contradictory results, at least if we apply the notion that a proposition is either true or false, and that a third solution does not exist. This would accord with the tertiumnon-datur of scholastic logic, in which the statement (A and ¬ A) always has the truth-value 'false'. However, in radiocarbon calibration, we must allow for a third possibility: the truth-value assigned to any specific calendric age interval may remain unknown. As it appears, therefore, once the 'high-energy' extreme is reached, the analysis is immediately confronted with a Bayesian inference problem (as described above): ❶ Since there is no temporal overlap of the event sequence (Fig. 9) , conditional multiplication of the associated probabilities will always produce the value p = 0. ❷ Since the number of events greatly increases with the number of curve-wiggles, and in particular, faster than we may (perhaps) be able to provide additional 14 C-ages (or other conditional dating information) from the archaeological stratigraphy, perhaps we may never be able to provide a sufficient number of 14 C-ages to catch up with the number of readings. Looking back at what Rédei's agent would have concluded when confronted with the same information twice (or even more often), it appears -maybe even more frustrating (Rédei 1992.2) -that the noncommutative character of the calibration operator is not even stable, but can vary strongly along the calendric-time scale (i.e. within the limits of the non-Boolean algebra as given by the tree-ring 14 C-age calibration data set). Fortunately, again following Ré-dei (1992.5), we may disregard this specific problem, since one does not expect mathematical theorems to give insight into the psychological processes of the human mind.
Conclusions
The last 'Gedankenexperiment' takes us to the very limits of radiocarbon dating. Having arrived at this critical point, we must now emphasise that -even under such extreme analytical conditions -we have no reason to seriously question the applicability of the Bayesian approach to radiocarbon analysis. To be sure, as recently pointed out again by Peter Steier and Werner Rom (2000) , there are many applications where the prior information necessary to delimit the number of disjunct readings is known in full detail (e.g., in tree-ring 'wiggle matching'). In such cases, the available information can be transformed into a Bayesian mathematical form which is capable of providing a closed (although not always unique) mathematical solution to the dating problem (Bronk Ramsey et al. 2001) . Concerning Bayesian sequencing, the advantage of this method is that it is state-of-the-art; however, it will surely be advantageous to develop graphic methods that allow the user to actually visualise its chronological (quantum) limits. Although a challenging undertaking, this would also provide a solution to the problem that -under certain conditions -Bayesian sequencing is known to optimise the precision of the dating at the expense of its accuracy (Steier, Rom 2000) .
What archaeologists can do in support of such futuristic efforts is to provide Bayesian sequencing with as much (quantitative) archaeological input as possible, along with correspondingly complete error analysis. Such information may be derived e.g., by careful selection of single-event samples from highresolution archaeological stratigraphies, by the application of pottery (or other) seriation, by sequencing of samples with well-defined positions in Harris matrices, and -last, but not least -by the development of architectural (e.g., house construction, use, destruction, abandonment) as well as cultural (e.g., demographic) archaeological models. By way of the rule 'the higher the requested dating precision, the more samples must be dated to circumvent the simultaneously increasing number of wiggles', it may also be necessary to convince funding agencies that such dating efforts are really worthwhile.
Most importantly, however, perhaps we should not overlook the simple fact that it has never been claimed that Bayesian analysis can provide a closed solution to all archaeological applications, under all circumstances. The Bayesian method began as an entirely probabilistic approach some 250 years ago (Bayes 1763), was further developed as such by mathematicians to allow for the incorporation of revised probability concepts (e.g., Kolmogorov's axiomatic foundation of commutative probability theory), and has even survived the many (still running) intellectual revolutions in physics and science-philosophy that resulted from the introduction of noncommutative probabilities.
We have formulated our studies in (hopefully) understandable language, such that radiocarbon scientists and archaeologists alike may be interested in their critical evaluation. If there is need for some clearly formulated single conclusion, it would be as follows: In the past, radiocarbon dating probability was taken to represent a value (number) attributed to each interval of the calendric time-scale. We need not change this notion. The new quantum probability is again a number. However, it is no longer valid to assume that the larger this number, the more probable the dating.
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